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Multilayered Shell Theories Accounting for Layerwise Mixed
Description, Part 1: Governing Equations

Erasmo Carrera*
Politecnico di Torino, 10129 Turin, Italy

A Reissner mixed variational equation is employed in this paper to derive the differential governing equations
of multilayered, double curved shells made of orthotropic laminae in linear static cases. A layerwise description
is referred to by assuming two independent fields in the thickness direction for the transverse stress (both shear
and normal components) and displacement variables in each layer. Interlaminar values are used as the unknown
variables of the introduced expansions. The continuity conditions of displacements and transverse shear and nor-
mals stresses at the interfaces between two consecutive layers, referred to as CZO requirements, have been a priori
fulfilled. These have been used to drive the governing equations from a layer to a multilayered level. Classical dis-
placement formulations and related equivalent single-layer equations have been derived for comparison purposes.
No assumptions have been made concerning the terms of type thickness to radii shell ratio z/R. Donnell’s shallow
shell-type equations are given as particular cases for all of the considered theories. Indicial notations and arrays
have been used extensively to handle the presented developments in a concise manner. Numerical evaluations and
comparisons to exact and other available two-dimensional solutions are given in a companion paper (E. Carrera,
“Multilayered Shell Theories Accounting for Layerwise Mixed Description, Part 2: Numerical Evaluations,”AIAA

Journal, Vol. 37, No. 9, 1999, pp. 1117-1124).

I. Introduction

N recent years, considerable attention has been paid to the de-

velopmentof appropriatetwo-dimensionalshell theoriesthat can
accurately describe the response of multilayered anisotropic thick
shells. In fact, thick shell componentanalyses and fatigue design re-
quire an accurate description of local stress fields to include highly
accurate assessment of localized regions where damage is likely
to take place. Examples of multilayered shell structures used in
modern aerospace vehicles are laminated constructions made of
anisotropic composite materials, sandwich panels, layered struc-
tures used as thermal protection, or intelligent structural system
embedding piezolayers.

It was pointed out by Koiter! that, for traditional isotropic one-
layer shells, refinements of Love’s first approximation theory are
meaningless unless the effects of transverse shear and normal stress
are both taken into account in a refined theory. Layered shells de-
serve special attention. These are characterizedby a noncontinuous
thermomechanical material property distribution in the thickness
direction and further requisites become essential for a reliable mod-
eling of such structures. Among these, the fulfillment of both con-
tinuity of displacement and transverse shear and normal stresses
at the interface between two adjacent layers is such a necessary
desideratum. In Ref. 2 these requisites are referred to as C? re-
quirements that state that both displacements and transverse stress
components are C’-continuous functions in the thickness shell co-
ordinate z. An increasingrole is played by the C? requirements and
by Koiter’s recommendationin the case of laminated shells made of
composite materials presently used in aerospace structures. These
materials exhibit higher values of Young’s moduli orthotropic ratio
(EL/E; =E;/E.=5-+40, L denotesthe fiberdirections,whereas
T and z are two-direction orthogonal to L) and the lower trans-
verse shear moduli ratio (G, /E; ~ Gyr /E; = % = ﬁ) leading
to higher transverse shear and normal stress deformability in com-
parison to isotropic cases. Approximated three-dimensional solu-
tions by Noor and Rarig® and Noor and Peters* > and more recentex-
act three-dimensionalsolutions by Ren® and Varadan and Bhaskar’
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have numerically confirmed the need of the previously mentioned
refinements for staticand dynamiccylindricalshell problems.In par-
ticular, the fundamental role played by transverse normal stress o,
was underlined. Nevertheless, three-dimensionalelasticity solutions
are only availablein a very few cases and these are mainly related to
simple geometries, a specific stacking sequence of the lamina, and
linear problems. In the most general cases and to minimize the com-
putational effort, two-dimensional models are preferredin practice.

Starting from the early work by Shtayerman® many two-
dimensional models have been proposed for anisotropic layered
shells. The so-called axiomatic approach’ (where a certain displace-
ment or stress field is postulated in the shell thickness direction) and
asymptotic methods'® !¢ (where the three-dimensional equations
are expanded in terms of an introduced shell parameter) have both
been applied to derive simplified analysis. Exhaustive overviews on
these topics can be found in many published review papers. Clas-
sical theories were reviewed by Bert.!” An interesting overview,
including works that appeared in Russian literature, can be found in
the book by Librescu.!® Recent developmentsin the Russian school
concerning the fulfillment of the C ? requirements were overviewed
by Grigolyuk and Kulikov.!” Reviews on finite element shell formu-
lations can be found in the work by Dennis and Palazotto,?’ Merk,*!
and Di and Ramm.?? Recent articles on the application of asymp-
totic methods to anisotropic shells can be found in Fettahlioglu
and Steele,”® Widera and Logan,?* Widera and Fan,® and Spencer
et al.?® Two exhaustive and more recent surveys have been pro-
vided by Kapania?’ and Noor and Burton®® that address a com-
pleteoverview of differentaspects of multilayered shellsmodelings.
Herein, attention is focused on the axiomatic approach. A short re-
view of this approach follows.

Classical displacement formulations start by assuming a linear
or higher-order expansion for the displacement fields in the thick-
ness direction. In-plane and transverse stresses are then computed
by means of Hooke’s law. According to this procedure, it is found
that transverse stresses (both shear and normal components) are dis-
continuous at the interfaces. To overcome these difficulties, these
stresses are evaluated a posteriori in most applications by imple-
menting a postprocessing procedure, e.g., through the thickness in-
tegration of the three-dimensional indefinite equation of equilib-
rium. A few examples in which a layerwise model (LWM) descrip-
tion is used (the number of the unknowns depends on the number
of layers) are works by Hsu and Wang,”” Cheung and Wu,*® and
Barbero et al.’! Others, in which an equivalent single-layer model
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(ESLM) description was preferred, are the works by Hildebrand
et al.,>> Whitney and Sun,*® Reddy and Liu,** Librescu et al.,>® and
Dennis and Palazotto.2’-3 The interesting theory by Rath and Das?’
should be mentioned from the ESLM analyses, where interlaminar
transverse shear continuity was a priori fulfilled in both the sym-
metrical and unsymmetrical case through the thickness response of
layered shells. A particular example of the theory in Ref. 37 was
analyzedin Ref. 38 for symmetrically laminated cylinders. The nu-
merical analysesreportedin the cited works concludethe following:

1) An a priori description of transverse stress cannot account for
LWDMs based on the displacement formulation.

2) Layerwise (LW) analyses usually lead to a better description
than ESLM ones; such a superiority is more evident for arbitrarily
laminated shells with increasing layers.

3) The ESLM analysis experienced difficulties in accurately de-
scribing a o, and the related consequences.

4) The mentioned postprocessingprocedurefor the calculationof
transverse stresses cannot be implemented for most of the available
models in the general case of asymmetric in-plane displacement
fields (i.e., two differentresults could be obtained for the stress dis-
tributions by starting from the top or from the bottom shell surface).

Reissner’®-*’ proposed a mixed variational equation for the pur-
pose of overcoming the impossibility of fulfilling a priori the in-
terlaminar continuity for both transverse shear and normal stresses,
which furnishesequilibriumand constitutiveequations that are con-
sistent with an assumed displacement and transverse stress field.
Similar discussion and conclusionscan be read in the overview pa-
per by Grigolyuk and Kulikov."” This tool was applied to shells by
Bhaskar and Varadan*! and Jing and Tzeng** for the case of ESLM
analysis.Both works neglectedthe transversenormal stress. Related
results confirmed the already known conclusion for the plate cases:
The use of Reissner’s mixed variational equations associated to an
ESLM description is not sufficient to describe accurately the o,
effects and related consequences. In particular, in Refs. 41 and 43
it was shown that stress computed by the assumed transverse stress
field could very inaccurate. Therefore, the use of Reissner equation
for an accurate evaluationof transversestressesrequires a layerwise
description.

The convenience of referring to a Reissner mixed variational
equation was shown in a recent series of articles related to mul-
tilayered plate analyses>*~48 Excellent agreement with the three-
dimensional exact solutions was found for both static and dynamic
analysis. In particular, it was shown that the proposed layer-mixed
description gives an excellent a priori description of the transverse
shear and normal stress fields. These results encouraged the author
to extend his research to the multilayered shell, which is presented
in this paper.

It is a well-established result obtained from traditional isotropic
shell structures analysis* 2 that accurate two-dimensional shell
modeling cannot come without an equivalently accurate description
of the curvature terms. The neglectfulness of terms of type /R
(thickness to radii shell ratio) or the use of Donnell’s shallow-shell
type approximationscould be very restrictivein thick-shellanalysis.
In fact, as shown by Soldatos* Carrera,>* and Jing and Tzeng,*?
any refinement related to the fulfillment of C f’ requirements would
be meaningless unless curvature terms are well described. For this
reason, no assumption will be introduced in this paper concerning
curvature terms. For comparison purposes, Donnell’s shallow shell
equations are depicted in all of the considered cases with the use of
a trace operator.

The paper has been organized as follows. Preliminary descrip-
tions of the geometry and materials of the multilayered shells are
givenin Sec. II. Section III shows the displacementand stress fields
introduced in each layer. The necessary variational statements are
given in Sec. IV. Sections V and VI derive the governing equations
for both mixed and displacement formulated theories. A technique
to write multilayered equations is given in Sec. VIL. The conclu-
sions are drawn in Sec. VIIL. Appendix A derives ESLM equations
related to displacement formulations whereas Appendix B shows,
in a simplified case, how the introducedindicial notation works. The
numerical analysis is then given in Ref. 55. Extension to dynamics
and results on free vibration response of multilayered shells have
been provided in Ref. 56.

II. Preliminary Description

A. Multilayered Shell Geometry

The salient features of shell geometry are shown in Fig. 1. A
laminated shell composed of N, layers is considered. The integer
k,used as a superscript or subscript, denotes the layer number that
starts from the shell bottom. The layer geometry is denoted by the
same symbols as those used for the whole multilayered shell and
vice versa. Here a k-layer case whose geometries are described
next is referred to. The o and g, are the curvilinear orthogonal
coordinates(coinciding with the lines of principal curvature) on the
layer reference surface €, (middle surface of the k layer). The z;
denotes the rectilinear coordinatein the directionnormal to €2;. The
Iy is the 2, boundary: l",f and I'}" are those parts of I, on which
the geometrical and mechanical boundary conditions are imposed,
respectively;these boundariesare herein considered parallel to o or
By, For conveniencethe further dimensionlessthicknesscoordinates
are introduced ¢, =2z, /hy, where h; denotes the thickness in A
domain.

The following relations hold in the given orthogonal system of
curvilinear coordinates®-!:
square of line elements

ds; = Hy do} + Hy dB; + H! dz; (1)
area of an infinitesimal rectangle on 2
dQ = Hy Hy doy dfy 2)
infinitesimal volume
dV = Hy Hj H! doy dpy dzi 3)
where

Hf =A(l+z/RY)., Hy=B(1+z/R,). H=1
“)
The R¥ and RE are the radii of curvaturein the directions of o and
Br, respectively. The coefficients of the first fundamental form of
Q, are A and B. For the sake of simplicity, attention is herein re-

stricted to a shell with a constantcurvature,i.e., adoubly curvedshell
(cylindrical, spherical, toroidal geometries) for which A= B =1.

B. Classical and Mixed Form of Hooke’s Law
for Orthotropic Lamina

The lamina are considered to be homogeneous and to operate
in the linear elastic range. By employing stiffness coefficients,
Hooke’s law for the anisotropic k lamina is written in the form

K+1)-bottom %
K-top}
: i
b g

K-bogtom

k-th-interface

k-th-layer

Fig.1 Geometry and notation of multilayered shells.
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o; =C~’[jej, where the subindices i and j, ranging from 1 to 6,
stand for the index couples 11, 22, 33, 13, 23, and 12, respec-
tively. The material is assumed to be orthotropic, as specified, by
Ciu= C24 = C34 = C64 = C15 = C25 = C35 = C¢s =0 (Ref. 56). This
implies that ch and crﬁz depend only on eM and €% §.- In matrix form,
+Ct e

=C),e ohy = Ch el +Chel (5)

pHd pp pG pn nG’ np
where

CNv]fl éfz éf{, . 00 CN”I‘3
| A = ~ T -
Cl’l’ - leZ C;Z C;ﬁ ’ Cpn _Cnp =10 0 C§3
Cls G Cos 0 0 C

Chy Cis 0

G,=|c e o

0 0 Ck

Boldfaced letters denote arrays. The superscript T signifies array
transposition, and the subscriptsn and p denote transverse (out-of-
plane, normal) and in-plane values, respectively. Therefore

k — k k k k — k k k
Up - {Uaa’ Uﬁﬁ’ Uaﬁ}’ Un - {Uaz’ Uﬁz’ Uzz}

k

— k k k k
P {eotot’ eﬁﬁ’ 60(5}’

k— ko k
€ 6n - {eaz’eﬁz’ezz}
Subscript H denotes stresses evaluated by Hooke’s law, whereas
subscript G denotes strain from the geometrical relation (7). The
subscript d signifies values employed in the displacement formu-
lation. In fact, Eqs. (5) are used in conjunction with a standard
displacement formulation, whereas for the adopted mixed-solution
procedure, the stress-strainrelationships are conveniently put in the
following mixed form'®:
k k
=C pG +C =Ct &

pp pn Oum np = pG

+Ct ok, (6)

where both stiffness and compliance coefficients are employed. The
subscript M states that the transverse stresses are those of the as-
sumed model in Egs. (8) (see Sec. I1.C). The relation between the
arrays of coefficients in the two forms of Hooke’s law is simply
found:

kK _ ok _ ok ok ok Kk _ ok k!
Cpp Cpp Cpn Cnn Cnp 4 Cpn Cpn Cnn

Kk _ _ kol k vk !
Cnp - C Cnp’ Cnn - Cnn

Superscript —1 denotes an inversion of the array.

C. Strain Displacements Relations

As one remains within the small deformation field, the strain
components €, e arelinearlyrelatedto the displacementsu* (u* =
uy, uy, ut), according to the following geometrical relations™:

¢ =D, u" +A,ut, ¢ =D, + ApA,ut + D, it (7)

where
O
= 0 0 1
Hf 0 0 T R
8 o o
p,=| 0 & o A,,=|0 0
L
s 0y
Lﬁ - OJ 00 0
B o
0 1
0 0 Folf TR 0
= ) = 1
D,q 0 0 _i , A, ——
Hﬁ HﬁRﬁ
00 O 0 0 0

[ax 0 o"l
D,=10 9, 0
LO 0 3:J
The A p is a trace operator. This has been introducedto identify terms
that are neglected in the Donnell-type shallow shell theories** No
assumptionshave been made forthe terms H* and H ;]3( . The curvature

terms have been entirely retained in the following developments.

III. Displacement and Transverse Stress Fields

According to what carried out for plates™*’ the C? requirements
are fulfilled completely and a priori by assuming a layerwise model
for both displacement u* and transverse stress fields o*. The fol-
lowing Nth-order expansions have been chosen in the thickness
direction of each k layer:

ut = Fu* + Ful + Fu* = Fu*, T=tb,r;
r=2,3,...,N
w = Fio*, + F,of, + F,o* = F.o*_, k=1,2,...,N,

®
A free parameterof the modelis N. Subscripts? and b denote values
relatedto the layertop and bottomsurface, respectively. They consist
of the linear part of the expansion. Higher-orderdistributionsin the z
direction(parabolic,cubic,etc.)are introducedby the r polynomials.
The repeated indexes T are summed over their ranges.
The thickness functions F7 (&) have been defined by

P+ P py—P
ki R =2

2
F.=P —P._ r=2,3,....,N

in which P; = P;(;) is the Legendre polynomial of the jth order

(Po=1,Pi =, P,= (3{,(2 —1)/2,...) defined in the ¢ domain:
—1 < ¢ < 1. The chosen functions have the following properties:
1I:F, =1, F, =0, F.=0
“Tl-1F =0, F=1 F, =0

Thetopandbottom valueshave beenused asunknown variables.The
C f’ requirements can therefore be easily linked; the compatibility
of the displacement and the equilibrium for the transverse stress
components read as follows:

ut=ultY, k=1, N, —1
®

k (k+1)

o, =0, R k=1, N —1

In those casesin which top/bottom-shell stress values are prescribed
(zero or imposed values), the following additional C? requirements
must be accounted for

Ty = G, Tl =G (10)
where the overbar denotes imposed values in correspondenceto the
shell boundary. Examples of assumed fields have been plotted in
Fig. 2.

® Interface Values

Fig.2 Assumed displacement and transverse stress fields in the thick-
ness shell direction: linear, parabolic, and cubic cases.
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Equations (8) refer to the same order of expansion as the three
components for both displacementand transverse stresses. To meet
well-known results (see, e.g., Refs. 1, 32, 33, 49, 57 or the author’s
discussionin Refs. 2 and 44), different polynomial orders should be
used in developments that are presented in the subsequent sections.
Trace operatorsthat wouldlead to a shorteningof the resultingarrays
in Egs. (18) and (29) could be introducedfor this aim. For the sake of
brevity, the results related to these aspects have not been discussed.
These could be more conveniently reported in future works.

IV. Variational Statements

The displacementapproachis formulated in terms of u* by vari-
ationally imposing the equilibrium via the classical principle of vir-
tual displacements. In the static case this states that

N
Z/ / (56, +5ekgaty, ) dQudz =8L° (1)
k=19 YAk

where § signifies a variational symbol. The variation of the inter-
nal work has been split into the in-plane and out-of-plane parts and
involves stress from Hooke’s law and strain from geometrical rela-
tions. The §L, is the virtual variation of the work carried out by the
external surface forces p* = {p}, pj. pt}.

In the mixed case, equilibrium and compatibility are formulated
in terms of the u* and o* unknowns via Reissner’s variational equa-
tion3%:4047:58 that in the shell case is herein written as

Ny
Z/Q /A [Bell‘,TGall‘,H +661,‘lTGaflM +60'1:11Tw(61:lc — ele)] d2, dz
k=1Y% J A

= §L° (12)

The left-hand side includes the variations of the internal work in the
shell: The first two terms come from the displacement formulation
and lead to variationally consistentequilibriumconditions; the third
mixed term variationallyenforces the compatibility of the transverse
strain components.

As usual in a variational procedure, the derivative of virtual vari-
ation of displacement and stress variables moves, by integration of
parts, to the corresponding finite variables. To do this, it is conve-
nient to introduce the following array formulas:

| o7 ean=- [ so'Dipas+ [ soTrpar,
Qe Qe Tk
/ (Dnszfs‘f’)T‘Pko = —/ B‘f’TDgSOko +/ 6¢’TIZ-Q(PdFk
Qi Q T

(13)
where ¢ and ¢ can be displacementor stress variables,respectively,
and the introduced nondifferentialsarrays are

0 0 1/H;

[1/11;; 0 o_|
I,=| 0 1/Hf 0], Le=|0 0 1/H}
L1/Hg 1/H! oJ 00 0

The written formulas remain valid if and only if first-order differ-
ential operators are involved.

Upon substitution of the introduced displacementexpansion, the
strains are written in the following form:

ko k k
€, = F.D,u + F.A,u

€, = F.D,qu* + ApF,Au* + F u* (14)
where the further subscript z denotes differentiation.

V. Equilibrium and Constitutive Equations
for Mixed Models
In contrast to most of the available shell literature and to the
author’s previous works related to plates, in the present analysis the
definition of stress or strainresultantsin the shell thicknessdirection
has been omitted. Such a choice is mainly because of the author’s
wish to preserve the terms H, ;‘, H ;]3( in the strain equations (7). In fact,

if Love’s approximation H* = H§ =1 is not introduced, as is the
case of the present paper, the definition of stress and strain resultants
still remains possible, but in the author’s opinion, is not convenient.
As aresult, the governing equations are written directly in terms of
the introduced stress and displacement variables in this paper.

Based on the preceding, the Reissner mixed variationalequations
[Eq. (12)] takes the following form:

Ny
3 ( / [sa [(-F.D! + F.AT)C, (FD, + FA, !
Qe

k=1

+(-F.D! + F.A))C,,F.o, + (—F.D}o + ApFA]
+ F,)F.0* |80 ([F. FD.q + ApF.F.A, + F. F,,

- FrCnp(Fva + FYA]J)]uf - Fr Fvcnno-]:”}} ko

+ ‘/1: A BuJ;T [Frlz;cpp (Fst + FsAp)uf + FrFsIz;Cpno.]:”
k k

N
+ F.F 1,0k ] dl“k) => / sut' pt de, (15)
k=1"S%
wherepl ={p,, pl,, p’,} are the variationally consistentload vec-
tors from the applied loadings p*. The case in which both shearing
(P> Phis Pay» Plyy) and normal (p,, pl,) surface forces are applied
in correspondenceto the top and bottom surface of the layer could
be of practical interest:

dQy = dQ; = (14 he/2RE) (1 + by J2RY) A,

o] = 0l = (1—  /20)(1 - s /28%)

By imposing the definition of virtual variations for the unknown
stress and displacement variables, the differential system of gov-
erning equations and related boundary conditions for the N, layers
in each ; domain are found. The equilibrium and compatibility
equations are

st Kiul + Ko, = pf
sot Kut + Kol =0 (16)
with boundary conditions

geometrical onT'{ mechanical on '}’

TS5k kts __k kts =k kts =k
or ]‘—]1; ug + Hu Ops = Hu ug + Hu O s
)]

k — gk
u, =u;

in which the overbar denotes assigned values.
The introduced differential arrays are given by the following
relations:

Ko = / (=F.D} + F,A7)C' (F,D, + FA,)H}! Hj dz
Ak

)24
K< = / [(-=F.D} + F.A])C, F, + F. FI+ ApF, FA,
Ak
— F.F.D}o|H}H} dz
K, = / [FeF\Dyo + ApF, F,A, + F.F, I
Ak
—C(F.F.D, + F.F,A,)|H} H} dz

K=~ / F.F,C,7' Hy Hy dz
Ak

H];TS — / Frlchp(FYDl’ + FyAp)Iz;Ho]ZH;}( dz
Ak

I / (F.EIC,, + F.FI,)H} Hf dz (18)
Ak
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where I is the unit array. As usual in two-dimensional modelings,
the integration in the thickness direction can be carried out a priori
by introducing the following layer integrals:

ks ks kts kts kts ks
(J n’Jan,Jﬁn’Ja/rg,Jﬁ/r;,Jagv)
k

o

H* Hf
=/ F.F, 1,H§,H§,—k,—i,H§Hg dz
" H}' H}

(Jk'r;s, J;cr;s, J;cr:s, J:g:x) =A Fr; Fs(l» H:, H;;(? H;‘Hg)dz
k

(Jhvse JEme T ) = /A F.F. (1, H}, H, H H}) dz
k

(Jhrese, k) = /A F. F, (1, HYH}) dz (19)
k

The integrals involved in the displacement formulations (presented
in Sec. VI) have also been introduced.

The explicitforms of the differential operatorsin Egs. (18) follow.
First, the pure stiffness part K*™* is expanded:
Kkm — _Ck kaaﬁﬁ _ 2ck kaaaﬁ _ Ck kaa

uuyy pp33“a/B prP13 ppi Y Bl

Kkm — _Ck kaaﬁﬁ _ Ck

uu2 pp32a/B P12

ka 8045 _ Ck ka 8‘50{

ppr33

k kts
- Cpms Tt o O
1
kts __ k ks k kts
Ku;f3 - _R_E(Cllmz Jd/rgaﬁ + Cl’l’lZJ ”8‘*)
_L(Ck kaa +Ck kaa )
Rk N\ ppan B ppu1 v Bl
o
kts __ kts
K = Ky
kts __ k ks k ks k kts
KWZZ - _CPP33 Jﬁ/rt; Oaa — 2Cl’l’23‘] ”85“ - Cl’l’zz Ja/fg 855
1
kts __ k kts k kts
Ku;z: - _ﬁ(cppsl Jﬁ/rtia“ + Cl’l’Zl J ”85)
o
_L(Ck kaa +Ck kaa )
Rk N\ pp32 « pp2 Va/p P
B
kts __ kts kts __ kts
KMMT3Y1 - _KMMT;’ Ku;; - _Ku;'_;

1 2 1

kts __ k kts k kts k kts

Kuu33 - sz Cl’l’zz Jd/ﬁ + Rk R’;; Cl’l’lZ J + sz Cl’l’u Jﬁ/d (20)
B a a

The mixed stiffness-compliancearrays K*** leads to

kts __ gktzs k kts kts __
Ku;fl - Jotﬁ - ()\'D/Rot)‘]ﬁ”’ KMTIYZ =0
kts k 132 k 132 kts
Ku;; - _Cpn33 Jot”aﬁ - Cpn13 Jﬁnaa’ Kusrzyl =0

us?

Kkts — J:‘;:S _ ()\-D/RJB)J:”

Kkm — _Ck kaa _ Ck kaaﬁ

us3 pn33v g Td pnaza

Kkm — _ngaa»

us31

kts __ kts
Kk = kv,

us32

Kkm — J:‘;"‘Y + (I/RLI;)(?I];'I13 J;” + (I/RE)CJ‘ ka (21)

us33 pnzYa

The mixed compliance-stiffnessarray K*™* leads to

Kkm =0

su2

Kkts — J:‘;S; _ ()‘-D/Ri)‘]gmﬁ

suqy

Kkm =0

su21

Kkm — ngaa’

su13

Kkes — Joltch; _ ()‘-D/R]B)J;(”?

sup

kts __ gkts
Kk = Jkg,

su3

Kkm — _Ck kaaﬁ _ Ck kaaa

su3| np33Ya np31 VB
ks _ k ks k ks
Ksur;z - _Cnp32 Jot”aﬁ - Cnp33 Jﬁnaa
kts __ gktsg k k ks k k ks
KsuT3Y3 - Jotﬁ - (I/Rot)cpn3l Jﬁ” - (I/Rﬁ)C]Jn32 Jot”
(22)
The pure compliance array K*7* is
? ks, .
=—Ch s i,j=1,2,3 (23)

The boundary array IT" leads to

Hkm — Ck ka 80( + Ck ka(aa + 85) + Ck kaaﬁ

uty ppi1Y Bl pP13 pp33“a/B
kts __ k kts k kts k kts k kts
I, = Cpms Jﬁ/a Jo + Cppss S0 + Cpmz S0+ Cppsz Ja/ﬁ 9

Hkm — (I/Ré)(ck ka + Ck ka)

ui3 ppi1 Y B/ pp31

+ (I/Rg)(Ck ka + Ck ka)

pp32e/B pp12

Hkm — Ck ka 80( + Ck

uz1 pp31 Y Bl Pp21

ka 80{ + Ck

ppr33

ka 85 + Ck ka 85

pp23“a/B

Hkm — Ck ka 80( + Ck

u2 pp3z " Ble Pp23

ka(aa + 85) + Ck kaaﬁ

pp2 a/B

Hkm — (I/Ré)(ck ka + Ck ka)

u23 pp31 Y Bl P12

+ (I/Rg)(Ck ka + Ck ka)

pp22e/B pp32
kts __ kts __ kts __
Hu31 - Hu32 - l_Iu33 =0 (24)

Finally, the expansion of the boundary array Hﬁ” leads to

kts __ kts __ kts __ k kts k kts
Hﬂu - Hﬂlz =0, Hﬂm - Clm13 Jﬁ + Clm33 o
kts __ kts __ kts __ ok kts k kts
Hﬂzl - Hﬂzz =0, Hﬂz3 - Clm33 Jﬁ + Clm32 Jot
kts _ gkts kts _ gkts kts __
e = 74, AT = 5™ g, M =0 (25)

Cylindrical shell equations are simply obtained by enforcing
R, =00 (or Ry = 00) whereas spherical shell geometries corre-
spond to the case R, = Rg. The corresponding Donnell’s shallow-
shell equations are obtained by discarding the terms multiplied by
the trace operators A p. Neglectingall of the curvatureterms, the gov-

erning equations, written for multilayered plates*®:4” are obtained

as particular cases.

VI. Equilibrium Equations
for Displacement Formulations

Following the same procedure developed for the mixed case,
Eq. (11) leads to

N
Z (/ / Bu];T{(_FrDz + FrAz;)[épp(Fva + FYA]J)
Qi J A

k=1
+61117 (FYDIIQ + )\'DFYAII + FY)] + (_FTDZ;Q + )\'DFTAZ-

+ Fr;)[énp(Fva + FYA]J) + énn (FYDIIQ + )\'DFYAII
+ F.)|}u, d + / / sut' |F.I'[C,,(F.D, + F,A,)
Ty v Ap

+ épp (FYDIIQ + )\'D FYAn + Fv)] + FTIZ-Q [énp(Fva + FYA]J)

+6nn (FYDIIQ + )\'DFYAII + FY;)]}”S drk)

N
=3 [ suptant 26)
Q

k=1

By imposing the definition of virtual variations for the unknown
displacements, the differential system of governing equations and
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relatedboundaryconditionsfollow. For the N, layers the equilibrium
equations on each Q* domain are

sut: K\vut =pt 27
The boundary conditions on I'* are

geometrical on '} mechanical on I'}" %)
ll]; = l?; or HZU 1; — Hj;”l_lf

The introduced differential arrays are

ki = /A {(-F.D! + F.A")[C,,(F,D, + FA,)
k

+ épn (FYDIIQ + )‘-D FYAn + FY; )]
+(=FDjy +ApFA] + F.)[C,,(F.D, + F.A,)
+Co(F.Duo + FA, + F,.) |} HA Hy dz,

e — /A {F.IL[C,,(F.D, + F.A,)
k

+ épp (FYDIIQ + )\'D FYAn + FY)] + FTIZ-Q [énp(Fva + FYA]J)

+Co(FDyg + ApFA, + F,.)|}H: HE dz, (29)

By using the integrals defined in Eqgs. (19), the nine elements of
the differential operators in the 3 x 3 arrays of Eqs. (29) can be
explicitly written. First the stiffness array K™ is written

~ 1 - 1
kts __ ok ktzsz k _ gkrzs _ gktsz kts
Kie = G Jui™ + 2072 C ( I = I+ )

nni Y ap nnyy

_ ék kaa _ 261( ka 8045 _ ék ka 855

pp1 Y Bla e pp13 pp3zta/B
~ ~ 1 1
krs __ ok ktz sz k ktys kts;
Kdlf; _Cnnlz‘]aﬁ +)»DCM12 <__Rk JaTY _ 7 Jﬁ
B o

+

kts ~k kts ~k kts
Rk RE J ) - Cl’l’lZ A Cl’l’m Jﬁ/a Joa
o

_ Ck ka 855 + ék ka

pp32 Va/B pr33~ap

~ 1
kts __ k ktzs — Jkts
Kd13 - C'mu <J5 do — A Rk Jﬁ/d a"‘)

nni pni3

- 1 -
+Ck (J:T"Saﬁ _ )\'Dﬁjkmaﬁ> _ Ck ng; aa

~ 1 - ~
_ Ck ka; 85 _ F(Cvk ka 80( + Ck

pn33 -« pp1i Y Bla ppr31

ka 85)

ppP12 pp32 Va/B

_%(ék kaaa_i_ék kaaﬁ)
B

kts __ kts
Kdzl - Kdlz

- 1 - 1
kts _ Ok ktzsz k ktzs kts; kts
Kd22 _Cnnzz‘]otﬁ +)»D—R§ Cnn22 (—Ja - J, +_R§ Jaﬁ )

_ ék ka 855 _ Ck

pp2 Va/B pp23

ka (85a + 80(5) _ ék ka 855

pp33 Y Bl

nnay pnp3Va

- 1 -
+C) (Jg’ffaa - ADFJ§;53a> —C, i,
B

~ 1 - 1 -
_ Ck ka; aa _ FCvk Jk”aﬁ _ FCvk kaaa
B B

pn3z~ B pp2 /B Pp32
_Lék kaa _ Lék kaa

Rk~ Pp21 B Rk P31t Bla”

o o

kts __ _ prkts kts __ __ prkts
Kd31 - Kd13’ Kd3z - Kd23

Kkm — _Ck kaa _ 2ck kaaaﬁ _ Ck kaaﬁﬁ

ds3 nnyy ¥ B ja e nni nnyp Va/B

=~ 1 1 - ~ -
+ Ck Jkr;s; 4 — (_Ck ka + Ck Jgr;s + Ck ng;>

nn33 Vap Rk \ Rk ~ppu"Bla PP31 P13
o o

2 kts ;rk 1 1 ~k kts ~k ktzs
+ Rk RIE3 I Coppy R_E (R_lécppzz Jajp T CopyJa”

pr23 -«

+C* J"”’) (30)

The boundary array IT,"* leads to

Hkm — ék ka 0y + ék

diy ppi1Y Bl PP

3ka(8a + 85) + ék kaaﬁ

pp33“a/B

ka 9y + Cvk

pr12

Hkm — ék ka 0y + ék

diz pp13 " Ble Pp33

ka 85 + ék ka 85

pp32 /B

Hl;lr; — ék Jgrs; +(~:~k ka; + (I/Ri)(ék ka

pr13 pr33 -« pp1iL Y Bl

+(~:~k ka) + (I/RE)(ék ka + ék ka)

ppr31 pp32“a/B pr12

ka 9y + Cvk

ppr33

Hkm — ék ka 0y + ék

dy pp31 Y Bl Pp21

ka 85 + ék ka 85

pp23“a/B

Hkm — ék ka 9y + ék

dy pp33 Y Bl Pp23

ka(aa + 85) + ék kaaﬁ

pp2 a/B

Hl;;; — ék Jgrs; + ék ka; + (I/Ré)(ék ka

ppr33 pr23 -« pp31 Y Bl

+(~:~k ka) + (I/RE)(ék ka + ék ka)

pr21 pp2 a/B pr32

Hl;;v — ék Jgrs; _ ()\'D/Ri)(ék ka +(~:~k ka) +(~:~k ka;

nniy nny Y Bje nnay nny Vo

Hl;;v — ék Jgrs; _ ()\-D/R];;)(ék ka +C~k ka) +(~:~k ka;

nniy nnyp Va/B nniy nny Vo

Hkm — ék ka 9y + ék

d33 ppi1Y Bl nni

JES 0y 4 0) + C JET30, (31)

nnyVa/p

VII. Fulfillment of C! Requirements and Governing
Equations at a Multilayered Level

In the preceding sections the governing shell equationshave been
considered to be independent of the N, layers. Interlaminar conti-
nuity conditions, i.e., C? requirements in Egs. (9) and (10) must be
used to drive the governing equations for the whole multilayered
shell. This can be done as follows.

1) The governingequationsare written foreach k layer. In contrast
to plates, it is essential to have the same product of type da* dg* in
each k-layer equation for shell geometry because of the curvature
changes. This can be done by choosing the value on the reference
shell surface Q do dB as da* dB*. Each do; df; defined on €2; is
therefore written as

_ R.Ry
day B = RE da dB

2) Each set of 3N x 3N arrays defined in one of Egs. (18) and
(29) is then put in a kth-order array in such a way that those parts
related to the top values of the variables are on the top of that array.
For instance, one of the kth-layer arrays of Egs. (18) or (29) is
considered. Such an array is shown in Fig. 3. The nine contributions
to this array have been denoted in Fig. 3 by two subscripts related
to the top, the r variables, and bottom terms. These terms are listed
in the following order: ¢, r, b.

3) The k-layer arrays are set in a larger, multilayerarray by order-
ing the layers from the plate top k = N, to the plate bottom k = 1.

4) The interface continuity conditionsin Eqgs. (9) are imposed by
moving the layer arrays along the diagonal of the multilayer array.
As aresult one obtains the array drawn in the lower part of Fig. 3.
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Table1 Connectivity arrays: parabolic expansion

in the kth layer®
k Top Resultant Bottom
1 3 2 1
2 5 4
3 7 6 5
k—1 2k —1 2k —2 2k -3
k 2k+1 2k 2k —1
k+1 2k+3 2k +2 2k +1
N, 2N+ 1 2N+ 1 2N, —1
AN = 2.
tt i otr 1 tb
I O RN ()
rt . orr, tb
Loy @y &
bt | br , b
® 0 ®
k-layer Matrix
TkaN |
.__1-_ T
| k=Nai1
k=2
P k=l
Multilayered Matrix

Fig.3 Assembly of matrices from layers to a multilayered level.

5) The remaining C? requirementsin Eqgs. (10), wherever they oc-
cur, can be directly imposed to the multilayerarrays. The dimension
of the same arrays and the number of unknown variablesreduces on
multiplication of these arrays for the known top-bottom shell-stress
values. In most general cases in which a stress or displacement is
imposed, such a multiplication produces loading arrays.

This procedureis common to each discretizationmethod in which
interface variables are used as unknowns. For instance, this proce-
dure can be seen as a classical assembly technique of finite element
methods.>® In this case each layer is considered as one element:
interface and internal nodes are introduced in correspondence to
top-bottom and r variables, respectively (see Fig. 4). A standard
connectivity array can then be introduced; an example is given in
Table 1 where the case of parabolic expansion has been considered.
Such a techniqueremains very useful for the implementation. It has
infactbeencodedfor thenumerical applicationpresentedin Ref. 55.

The following shell arrays for the displacement unknowns is in-
troduced at the very end:

T,IIZT ul;T,llkT'

- .
S THE Tl w

_ irar T
u—{uh,ut,ur

k+07 L k+DT. wi=v"  w-pT. NN T
AR 7L S 7 ,ul uud (32)

In which the top and r variables have been chosen as layer un-
knowns. The governing equations and boundary conditions of the
multilayered shells, related to the displacement formulation, is for-

Interface Nodes

[ J
Internal Nodes

Fig. 4 Multilayered shell: interface and internal nodes for the case
N=2.

mally written in the following form:

ILu=1ILu (33)

The following further array of the multilayered transverse stress
unknowns is introduced for the mixed case:

K,u =p, u=u or

S LU L L T kT
On = {Unt’anr’ant’anr’ "'Unt’anr’
T T T
k+1DT  _k+DT, (N —=1) w~-0T. N
o, Lo, HU 9 , O, ;o) (34)

Therefore, the governing system of differential equations at a mul-

tilayered level related to the mixed formulationsis formally written

in the following final form:
Kuu+K,0,=p+p,

u

Ko+ Koo, =p  (35)
while the boundary conditions are

u+1Lo, =TLa+106,+¢" (36

where p!™, p!V and ¢!V are arrays coming from transverse stress
values imposed at the top/bottom of the shell equation (10).

VIII. Conclusion

By employing a Reissner’s mixed variational equation, this paper
has derived the differential equations that govern the equilibrium
and compatibility of layered, double-curved shells modeled using
mixed layerwise theories. Classical displacement formulations and
related equivalentsingle-layerequations have also been derived for
comparison purposes.The following points can be remarked:

1) With respect to existing theories, the proposed models permit
one to fulfill completely and a priori the continuity conditions at the
interfaces for both displacement and transverse stress components
(transverse displacement and transverse normal stress included);
i.e., no postprocessing technique is required to compute transverse
stresses.

2) The order of the expansion N in the thickness direction has
been taken as a free parameter. The use of top and bottom values as
unknown layer variables permits the use of the continuity conditions
to write easily the governingequationsfrom alayerto a multilayered
level.

3) No assumptions have been made concerning the terms related
to the thickness-to-radii /R shell ratio. The equations related to
Donnell’s shallow shell-type approximationshave been derived for
all of the considered theories.

The assessment and results are presented in the companion
paper,”> where the excellent agreement to the exact three-dimen-
sional solution, which had previously been found for laminated
plates, is confirmed.

u=u or

1N,
w0
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Appendix A: ESLM Equations for
Displacement Formulation

Sections V-VII have presented the governing equations for the
mixed and classicaldisplacementformulation. These equationshave
been written at layerlevel. As in classicalshell analysis, the assumed
model Egs. (8) can also be written at a multilayered level:

u=Fu + Fu,+ Fu, = Fu,, t=t,b, r;
r=2,3,...,N
0w = Fto-nt + Fho-nh + Franr = Franr

(A.1)
where the functions F; are expressed in terms of the shell coordi-
nate { =2z/h and correspondentESLM theories can be derived. It
appears difficult to extend the ESLM descriptionto the mixed cases
whenever the homogeneousconditionson the transverse stress have
to be imposed at the shell bottom and top surfaces. A weak form
of Hooke’s law could be more conveniently used in mixed ESLM
analysis? This section has been restricted to displacement formu-
lation and could serve, as in Ref. 55, to compare classical ESLM
results to layerwise analysis. Furthermore, the use of top and bot-
tom values as variablesis not mandatory for standard displacement
formulation. Classical Taylor expansions are more convenient for
this purpose.Insuchacase F, =1, F, =z, F, =7"; u’ becomes the
displacement vector of a shell point lying on Q and u’, u’, their
higher-order derivatives.

By repeating what was done for the layerwise cases of Sec. VI,
the governing equations are formally written in the same manner.
In fact, it is sufficient to introduce the following multilayered 3 x 3
stiffness arrays:

TS TS TS TS TS TS
(E[j ’ EOti/ ’ Eﬁi/ ’ E(Ot/ﬁ)i/ ’ E(ﬁ/a)i/ ’ Eaﬁi/)

N
_ vk kts kts kts kts kts kts
- Z C[j(J ’ JO‘ ’ J5 ’ Ja/ﬁ’ Jﬁ/“’ Jaﬁ )

k=1

N
(B EZ B Efy ) = Cl (I gk gy, )

i Bij i
k=1

N
(E.”" ETS; , EU; E;;’/) — Z ékl (ka; , J;cm; , ng; , Joltc;s;)

ij > Faijr FBij i
k=1

Ni
(Ej.cjr;s; , EI;B’;) — Z Cicj (Jkr;s; , J:g;s;) (A2)
k=1

They consistof a 3 x 3 array for each 7, s coupleand they resultin a
four-index array. The index coupledij can assume the four expres-
sions pp, pn, np, nn and are related to Hooke’s law in Egs. (6).
It is intended that both function F,, F; and terms Ho’j and Hg in
J*-type integrals have to be considered as functions of the whole
shell coordinate z for ESLM cases.

The differential operators for the displacement formulated theo-
ries assume the following explicit expressions:

Ab 1
TS pTs: AD( _prus  _ prsg . s
Ki = Eag,,,,, T+ Ra< Ebuniy = Epuny T 7 ElGarn,

TS TS TS
“Ega),y,, e = 2B ap — Eyp), Opp

s 178z 1 T8 1 T8z 1 s
Ky = Eop,,,,, T30 <—R—5Ea;m R s TR X, Enmz>

s TS s TS
—E 0 — Egray,,, Oea = Eypy,, O T Egp,

s zS 1 TS5 T8
K, = (Eﬂnn“ o — )‘DR_aEw/a)nn“ 8a> + (Eo[nnlzaﬁ
1
_ )\'D_E”

752 _ prs: R Ts
Ra nn1285> - Eﬁpnm 8"‘ Eotpn33 85 RO( (E(ﬁ/a)pp“ 80‘

TS 1 TS TS
TE,, 85) - R_;; (Epmza"‘ + E(Ot/ﬁ)pp32 85)

K = K,
K™ = E&% +A L _ET"S g +LETS
dn T T aBuny, DR5 Annyy amn TR, Buny,

TS TS TS
T E 8y 988 — Eppyy Ope +0up) = Egpey . Opp
Ko™ =(E= @ A 1 E® § E™* 9
dy T onngy OB T DR_ﬁ nnyp VB + Bunyy @

1 1
s T8z _ T8z e s
—*p Rﬁ E(Ot/ﬂ)nnZI a"‘) - EOtpn23 9 Eﬁlmm o Rﬁ E(Of/ﬁ)ppzz s

1

s _ - pts _ . pts
Rﬁ pp3 % R, Pr B R, E B/ ppsy e
s __ s TS __ s
K = —Ka» Ky = —Kai,
TS s TSs Ts Tz5z
Ky = _E(ﬁ/a)nn“ ow = 2B, p — E(ot/ﬂ),m22 pp + Eaﬁnn33

1 1
s T8 752 s
+ R, (Ra E(ﬁ/"‘)ppu + E5PP31 51)1’13> * Rk Ry “pr12
o

1 1 TS T8 TSz
+ R_‘5 (R_ﬁE("‘/ﬁ)ppzz + E"‘pmz + E"‘ppz3> (A3)

Boundary terms could be written in the same manner but are not
quoted for the sake of brevity. The numerical analysis development
in Ref. 55 requires us to express the work carried out by external
pressure applied at the top p, and at the bottom p,, shell surface:

8L, = /ptsﬁt de;, + /p,,éft,, dgz, (A4)
Q Q
where
dQ, = (1 +h/2R,)[1 + (h/2R4) dQ2]
dQ, = (1 = h/2R,)[1 — (h/2Rp) dQ2]
u, =u,+h/2)u,, u, =u,+ (—h/2)u,

It follows that

o [ o))
oo ()]0

(A5)

Appendix B: Example Showing How Indicial

Notation Works

To show how indicial notation works, the case in which a Taylor

linear expansion is used for the ESLM equations derived in Ap-

pendix A (F, =1, F,, = z) can be considered. The 21 different terms

of the 6 x 6 symmetric stiffness array K}* (r,s =1, b) are given

next. For the sake of simplicity the case H, = Hy =1 (Love’s ap-
proximations) is considered. In such a case

(FF,, F,F,, F,F,)=(, z, 2°)

It follows that the stiffnesses in Egs. (A.2) are simply replaced by
the well-known membrane, coupling, and bending® stiffnesses:

n/2

(App,-,» Bpp,-,» Dpp,-,) = / (FtFt» Fch» FhFh)Qpp[j dz
—h/2
n/2

(Apn,-,» Bpn,-,» Dpn,-,) = / (FtFt» Fch» FhFh)Qpn[j dZ
—h/2
n/2

(A Buns Dumyy) = / (F.F,. F,Fy, FyF,)Qnny; dz
—h/2



Therefore, Egs. (A.3) lead to

AD
K,;’“ = FA””“ - Amm Baa — 2A1117138a5 - Appss 855
Ap
K:Zz = Annlz - Apmz aotﬁ - AI’I’I} e — AI’I’32 aﬁﬁ + AI’I’33
R, Ry
Ap 1 1
Ktym = _R_aA'mu 0y — )‘DR_aAnnlzaﬁ - R_a(Aleaot + AI’I’31 85)
1
- R_(Apmz O + Appsz 85)
B
Ap
thirzz = FA'MZZ - Al’l’zz 855 - Al’l’23 (350, + 80!5) - APP33 855
B
A A 1 1
,;r = __DAnn'm 85 - _DAnnalaot - _A]J]J'y; 85 - _A]J]J?,'; 80(
B Rg 7 Rg Ry 7% Ry T
1 1
- R_aAmm 0 — R_aAp’m Ou

1
K:fir33 = —Aun1 Oug = 2A51,00p — Annyy Opp + FAPPH

2 1
+ R,R; Appy, + R_gAppzz
b AD 1
K:filu = R_a<_Ann11 + R_aEnn11> — By Oua

_ZBpmsaotﬁ - B pp33 855

, 1 1
Ky, =2%p (mf‘nm + mBnmz) = Bypiy0ap = Bpp; dua

- BPP32 855 + BPP33

b 1 1
K:film = _)‘DR_aB'mllaot - )‘DR_aB'mlz 85 - Alm1380t - Alm338l5
1 1
- _(Bmm e + Bmm 85) - _(Bpmzaa + Bppsz 85)
R, Ry
K3, = K

1 1
Ktb =Ap— _Ann'm + _Bnn'm - Bn el
dn D Ry 2 Ry 22 rp22 BB

- Bl’l’23 (350, + 80!5) - BPP33 855

b __
K. = —Ap== By 85 — Ap== By 0 — A11n23 85 - Alm23 O

da
23 Rﬁ Rﬁ
LB, 9,——B, 8, ——B, o L 4
T Prrn98 T T PrpnOa T T Pppy 08 T 5T Pppy Oa
Ry Ry 3 R, ! R,
th  __ th th  __ th
Kd31 - _Kd13’ Kd3z = _Kd23

b 1 1
KL;133 = =By, 0oa = 2Bunj, 0up — Buny, Opp + R_a (R_aBPl’u

2 1 1
+ Apms) + Ry R; Bpmz + R_;; (R_ﬁB”’m + Appzs)

A
KM = A, + D

1
dyy R_a<_Bnn11 — By, + R_aDnnu> —Dyp,, O

= 2D, 005 = Dy 9pp

pr13 7

CARRERA 1115

1 1 1
K:;hf, = Ann 2 + )‘-D <__Bnn 2 _Bnn 2 + _Dnn a)
12 12 Rﬁ 12 R, 12 RaRﬁ 12

-D pp12 aaﬁ -D ppPI13 Oea — D ppP32 855 +D pr33

1 1
K:;lh} = B,,,,“E)a — ADR—D,,,,“E)O, + B,,,,1235 — ADR—D,,,,IZE),S

1
- BI’”138‘¥ - BI’”3385 - R_(DI’I’Ha‘Y + DI’I’3185)

1
- R_ﬁ(mezaa + Dy, 85)

1 1
K;".Z = Ay, +Apo <_Bnn22 - B, + _Dmm) — D,y Opp

- Dl’l’23 (350, + 80!5) - Dl’l’33 855

1 1
K52h3 = (B"'lzz dp — )‘DR_Dnnzz 85) + (Bnnzl 0y — )‘DR_Dnnzl 8a>
B B

1 1
- Blm23 85 - Blm23 O — R_ﬁDPPzz 85 - R_ﬁDsz O
1 1 =~
- R_DI’PZI 9 — R_Dppzz O

K} = _Dnnu Oue — 2Dnn12 8045 - Dnnzz 855 + Ann33

d33

1 1
+ R_a (R_aD””“ + By, + Bpms) + RéRﬁ Dy,
1 1
+ R_ﬁ R_ﬁDPPzz + BPP32 + Bl’l’23 B.D)
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